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A B S T R A C T   

This paper studies fabric properties with the evolution of sand liquefaction by performing a series of 3D constant- 
volume cyclic triaxial DEM tests. With calibrated parameters for HN31 sand, the consistency between the ob
tained DEM results and the counterpart experiments is presented. The evolution of fabric characteristics is then 
assessed with the coordination number and mechanical coordination number, respectively. For liquefaction is
sues, the conventional coordination number outperforms the mechanical one since the floating particles with the 
number of contacts less than or equal to 1 can be fully considered. To analyse the complex inter-particle contacts 
in a granular assembly, the second-order contact normal fabric tensor is briefly introduced with its important 
mathematical properties. The second invariant of its deviatoric part can prove to be a proper index describing the 
degree of anisotropy in the principal fabric space spanned by the three eigenvectors belonging to this tensor. 
Following the direction of the applied loading, the fabric anisotropy accumulates in a gradual manner and finally 
reaches a threshold value corresponding to liquefaction triggering on the macro scale. This value is fabric- 
dependent and thus independent of loading intensity. For gaining a complete insight of sand liquefaction on 
both the micro and macro scales, the shear strain can act as a bridge to describe the evolution of coordination 
number and the anisotropy degree, respectively.   

1. Introduction 

Under seismic loading, saturated sand deposits are highly sensitive to 
liquefaction at locations where the ground water level is shallow. In such 
a case, soil elements experience a transient loss of shear strength and 
even exhibit a liquid-like behaviour. A large and growing body of field 
evidence [1–4] has revealed that spectacular examples of engineering 
failures can be ascribed to this natural phenomenon. 

Since the 1964 Niigata earthquake in Japan, research activities based 
on triaxial tests for sand liquefaction have been initiated and fruitful 
experimental results have been reported in the literature. As far as 
granular material is concerned, the change of fabric characteristics 
within a sand element is a crucial factor in comprehending the evolution 
of sand liquefaction. For instance, the experimental evidence provided 
by Ye [5] suggested that even a small pre-shear strain within the range of 
0.1%–5% is capable of greatly disturbing the initial soil fabric, thereby 
altering the liquefaction brittleness. In shaking table tests involving sand 
liquefaction, the particle long-axis orientation has been the subject of 

much systematic investigation. The mesoscopic structures identified by 
the digital image processing technique [6] have conclusively shown that 
a granular structure becomes much more prone to liquefaction collapse 
as the long-axis of sand particles tend to be more vertical. More recently, 
stress-induced anisotropy has been proven to be a prominent factor 
affecting reliquefaction resistance [7]. Yet, the concept of a triaxial 
specimen over a representative elementary volume (REV) only provides 
a means of performing macroscopic measures in the description of sand 
liquefaction. For a granular assembly containing uncountable particles 
and contacts, the state-of-the-art measurement technology used in the 
laboratory still falls short of achieving an intact and exact measurement 
of fabric properties directly with the progression of shearing. As an 
alternative, the DEM (discrete element method [8]) has been extensively 
applied in the study of liquefaction. Such a method offers another 
perspective on this topic by simulating granular materials with its 
discrete nature. It has evolved into a powerful tool for capturing both the 
monotonic and cyclic behaviours of sand with the consideration of 
critical state soil mechanics [9–16]. Meanwhile, investigating soil fabric 
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through DEM simulations has become a primary objective of much 
research. In a DEM study examining the impact of initial soil fabric [17], 
sand specimens were fabricated with the identical initial void ratio but 
subjected to different pre-shearing processes. Compared with the 
isotropic specimen without undergoing pre-shearing process, those 
owing a higher initial anisotropic degree become much more prone to 
liquefaction initiation. This can be explained by the fact that an aniso
tropic specimen usually tends to deform along its weaker direction, 
resulting in a decreased resistance to liquefaction. In contrast, an 
isotropic specimen potentially exhibits the same strength in all di
rections, thereby displaying the greatest liquefaction resistance [18]. 
Yimsiri [19] has furnished a comprehensive summary of fabric evolution 
during undrained shearing, emphasizing a pronounced change in fabric 
anisotropy upon reaching the maximum excess pore water pressure 
(namely, the transition from contractiveness to dilatancy). Once dilat
ancy occurs, the remnants of initial fabric structure become more or less 
erased. This is the reason for the diminished influence of the initial 
fabric on subsequent shearing. 

In soil mechanics, the void ratio e, defined as the volume of voids 
divided by the volume of solids, is the most straightforward variable to 
characterize a given soil fabric and describes how dense the particle 
packing is. However, two granular systems with the same e can possibly 
have two different spatial distribution features. The void ratio is usually 
unable to express any fabric anisotropy and other intrinsic variables 
should be sought. For instance, the regular void ratio e cannot specify 
the mechanical contribution of fine particles in binary sand-fines mix
tures [20,21]. This is because it solely accounts for the total solid volume 
without distinguishing between the volume fraction of fine particles and 
coarse grains. Following the contact normal fabric tensor Fc defined by 
Satake [22], the difference (αc) between the maximum and the mini
mum eigenvalue was adopted [23] as an internal index to quantify the 
anisotropy degree. The succeeding 2D direct shear DEM tests revealed 
that αc converged to a common plateau as the specimens reached the 
critical state at very large strains. In other words, the critical state should 
naturally have a certain degree of anisotropy. For liquefaction issues, 
this indicator has been applied in 2D constant-surface biaxial DEM tests 
[14]. With the evolution of liquefaction, two different phenomena were 
discovered: (i) while approaching virgin liquefaction (excess pore 
pressure ratio of 100%), αc fluctuated within a certain range and its 
amplitude cyclically increased with the reduction in mean effective 
stress; (ii) by contrast, a great change in the amplitude of αc took place as 
the specimen evolved through virgin liquefaction. These two facts 
indicate that the development of liquefaction on the specimen-scale is 
strongly related to the microstructural evolution. 

Although the above studies have recognised the significance of fabric 
properties on sand response, most are restricted to idealized 2D cases. 
Such a definition of αc might not be immediately suitable for 3D particles 
due to the lack of the following considerations. Firstly, the fabric tensor 
constructed for a 3D granular assembly should have three eigenvalues; 
however, the intermediate one is not addressed by the formula. Sec
ondly, the scalar definition seems incapable of clarifying the complex 
dependency of fabric anisotropy on the loading direction and a visual
ization scheme displaying this dependency remains a paucity so far. One 
advantage of tensor analysis is to embrace the writing of mechanics laws 
in coordinate-free form with essential information hidden in its in
variants. The primary objective of this paper is to propose a new visu
alization method on the basis of tensor invariants, which contributes to a 
comprehensive understanding of fabric anisotropy, especially for 3D 
granular structures. Thanks to the mathematical properties of the con
tact normal fabric tensor, we propose spanning a 3D principal fabric 
space with the three invariant eigenvectors that are orthogonal to each 
other. The clear benefit of this extension is to directly draw the path of 
fabric change in order that the dependency of induced anisotropy on the 
loading direction can be more intuitively mapped. As is well known, 
sand liquefaction occurs as a consequence of major changes in soil 
properties (e.g., damping ratio and shear modulus). This phenomenon is 

termed as cyclic degradation after Ishihara [24] and is commonly 
assessed with shear strain. Therefore, another objective of this paper is 
to deepen our knowledge about the influence of shear strain on fabric 
properties. 

The remainder of this paper is organized as follows. The methodol
ogy adopted for DEM tests is given, followed by a comparison between 
the simulation results and the counterpart experiments. In the third 
section, the liquefaction response is assessed with two coordination 
numbers. In the next place, we briefly review the contact normal fabric 
tensor with its mathematical merits to make this work more self- 
contained. Subsequently, the second invariant of its deviatoric part is 
used to analyse the degree of anisotropy. Then, the dependency of 
induced anisotropy on the loading direction is shown in the principal 
fabric space. Finally, the relationship between fabric characteristics and 
the shear strain is evidenced. 

2. DEM simulations and typical results 

2.1. DEM simulations 

3D constant-volume cyclic triaxial DEM tests were performed in this 
study to investigate the liquefaction response of HN31 sand (SiO2>99%, 
[25]) with a mean grain size of D50 = 0.35 mm and a uniformity coef
ficient of Cu = D60/D10 = 1.57. The grain size distribution curve 
measured by the laser diffraction method is displayed in Fig. 1. In order 
to mimic the material as far as possible, the identical uniformity coef
ficient Cu and specific gravity (Gs = 2.65) were used in the DEM tests. To 
manage computation time within a reasonable range, the particle size of 
the DEM specimens was increased by a factor equalling to 6.5 (D50 =

2.28 mm). A total of 10161 particles were generated to achieve a 
medium-dense state with ID = 0.70, as depicted in Fig. 1. 

The commercial DEM programme, three-dimensional particle flow 
code, PFC3D (Itasca Consulting Group) was employed here. In DEM 
simulations, the particle morphology is usually a time-consuming and 
expensive property to model, and so the rolling friction using spherical 
particles is a common substitution to express this effect [16,26]. In a 
granular system, the resistance of particles to rolling [27] and its asso
ciated energy dissipation during sliding might make a great contribution 
to the liquefaction behaviour on the macro scale. By combining the 
above two factors, the rolling resistance linear model [28] was adopted 
in this study. A series of model parameters was calibrated according to 
the following logic. Because the HN31 sand consists of pure silica grains, 
the effective modulus and stiffness ratio were set to be large enough (as 

Fig. 1. Grain size distribution curve of the HN31 sand and DEM specimen.  
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listed in Table 1). For achieving a quasi-static condition, normal and 
critical damping ratio were both set to be 0.20. Finally, the rolling 
friction coefficient underwent a “trial-and-error” procedure to ensure 
that the cyclic shear resistance curve aligned with the counterpart ex
periments. It should be mentioned that the friction properties (i.e., μ and 
μr) for particle-facet contacts were set to zero in order that the loading 
facets only yielded normal forces. All particles were first generated with 
overlaps in an immobile cubic container (2 cm×2 cm × 2 cm) consisting 
of six loading facets. Due to the initial overlaps, all particles were 
scattered throughout the container to achieve an equilibrium state. 
Subsequently, the loading facets were controlled by a numerical servo to 
impose an isotropic consolidation state of σ’

c = 200 kPa, as shown in 
Fig. 2. Finally, undrained cyclic triaxial tests with three different CSR 
(cyclic stress ratio, the amplitude of shear stress divided by the consol
idation stress) of 0.22, 0.262, and 0.305 were simulated. In the process 
of shearing, the positions of four radial facets were automatically 
regulated through a servo function to keep the specimen volume con
stant. To strike a balance between calculation speed and accuracy, the 
time and servo step were set to be 2.5×10-5 s and 5.0×10-5 s, respec
tively. The local damping parameter was activated and the loading 
speed was set to be very low so that a quasi-static condition could be 
achieved. Thus, the obtained results were not influenced by the varia
tion of these values. A quantitative discussion about this issue will be 
given in the next section. 

2.2. Typical simulation results 

The accumulation of excess pore water pressure (Δu) in terms of the 
number of cycles (Ncyc) for DEM specimens is presented in Fig. 3. It can 
be seen that Δu increased rapidly during the initial stage, then its growth 
rate gradually slowed down. While approaching liquefaction triggering 
with the excess pore water pressure ratio ru (ru = Δu/σ’

c) greater than 
0.8, Δu abruptly increased to match σ’

c, thereby exhibiting a “double- 
peak” pattern. Fig. 3 also displays stress-strain curves, revealing that the 
hysteresis loop initially remained flat. The negligible area enclosed by 
the loop implied a pseudoelastic response with minimal energy dissi
pation. While approaching liquefaction triggering, the hysteresis loop 
adopted a distinctive “reversed-Z″ shape, signifying a considerable 
amount of energy dissipation during a single loading/unloading cycle. 
These features are consistent with the experimental results reported by 
Benahmed [29] and Zhu [30] using the same sand with ID = 0.70. For a 
direct comparison, the effective stress paths (deviator stress q against 
mean effective stress p’) of the HN31 sand and the DEM specimens are 
provided together in Fig. 4. In response to cyclic axial loading, the 
effective stress paths continued moving towards the origin point and 
followed the “Butterfly” orbit near the final failure stage. In general, the 
DEM results are in good agreement with the experimental data. In 
geotechnical earthquake engineering, the cyclic shear resistance curve is 
an authentic measure to describe the liquefaction potential [31]. For the 
sake of simplicity, the first cycle attaining ru = 1.0 was thought of as a 
critical number to virgin liquefaction (NL). While using the constant 
volume method to simulate undrained shearing, the axial strain in DEM 
is most likely an overestimation after virgin liquefaction since the radial 
facets were servo-controlled to compensate the volume change. Under 

the circumstances, the occurrence of 5% double-amplitude axial strain 
was adopted to define the cyclic shear resistance curves in Fig. 5. In the 
graph, it can be seen that two sets of data (DEM specimens vs. experi
ments) fall within a narrow band and can be fitted by a single trendline. 
While the above phenomena imply a successful calibration of model 
parameters, it is essential to remember that the DEM simulations were 
conducted differently from laboratory tests:  

1. The DEM specimens were assembled within a cube container (2 
cm×2 cm × 2 cm) instead of a traditional cylindrical one (10 cm in 
diameter and 20 cm in height);  

2. The particles size in DEM were scaled up by a factor of 6.5 from the 
particle distribution curve, thereby expediting the computational 
speed;  

3. To maintain undrained shearing conditions, the side walls were 
adjusted to keep the total volume constant, while the axial loading 
was provided through the top and bottom walls. 

To confirm the quasi-static condition, the inertial number I was 
computed, which is a dimensionless scalar to quantify the significance of 
dynamic effects on the flow of a granular material [32]. It can be esti
mated by the following equation: 

I =
|γ̇|⋅D50

̅̅̅̅̅̅̅̅
P/ρ

√ (1)  

where γ̇ is the shear rate, D50 is the mean particle diameter, P is the 
pressure and ρ represents the density, respectively. For a clear exposi
tion, the x-coordinates in Fig. 6 were divided by NL. Thus, Ncyc/NL = 1 
referred to virgin liquefaction, as previously mentioned. In the graph, 
two phenomena can be identified. Prior to virgin liquefaction with Ncyc/ 
NL = 1, I fluctuated within a very small range. After Ncyc/NL>1, a quick 
growth of I can be identified owing to the triggering of liquefaction. By 
contrast, the inertial numbers I in all three simulations remained far 
away from 10-3, which is the threshold value to distinguish the quasi- 
static flow [33] from the dense or collisional flow. 

3. Discussion 

For a liquefiable soil mass, the fabric characteristic linking to the 
state of particle spatial arrangement during the loading process is an 
important property to assess its macroscopic liquefaction behaviour 
[34]. In a general sense, different kinds of void ratios (e.g., skeleton void 
ratio [35] and equivalent void ratio [36]), coordination numbers [37] 
(or mechanical coordination numbers) and fabric tensors [15,23] can all 
be considered as fabric quantifications. For the constant-volume con
dition in this study, the void ratio remained unchanged in DEM simu
lations and thus put out of the scope of this section. 

3.1. Coordination number 

In a granular assembly, the coordination number (CN) is defined as 
the average number of contacts per particle. However, certain particles 
can be assumed to be inactive in the state of floating identified by the 
number of contacts less than or equal to 1, especially after the triggering 
of sand liquefaction. These particles may not necessarily, upon shearing, 
participate in the global force chain and act almost as “void”. This idea 
has brought a subsequent development of the mechanical coordination 
number (CN,M) [38,39], in which the inactive particles are decisively 
disregarded while estimating the number of contacts and particles. As 
can be seen in Fig. 7, the initial values of CN and CN,M were the same for 
the three simulations since all DEM specimens underwent the same 
isotropic consolidation state of σ’

c = 200 kPa. With the progression of 
cyclic loading, all curves descended in a gradual manner and CN,M was 
greater than CN because the inactive particles were not counted for the 
former. While arriving at virgin liquefaction with Ncyc/NL = 1, all three 

Table 1 
Model parameters for HN31 sand.  

Linear group particle-particle particle-facet 

Effective modulus E* 1.0E+08 1.0E+08 
Normal-to-shear stiffness ratio κ* 2.00 2.00 
Friction coefficient μ 0.43 0 
Dashpot group 
Normal critical damping ratio βn 0.20 0.20 
Shear critical damping ratio βs 0.20 0.20 
Rolling-resistance group 
Rolling friction coefficient μr 0.15 0  
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CN curves decreased to around 1. In this state, open pores started 
emerging at inter-particle contacts points by separating them; as a 
consequence, most of the particles experienced a transient floating state, 
forming a uniform and connected porous structure [40]. In statistical 
terms, the value of CN close to 1 referred to a microscopic feature that 
the global force chain was nearly broken (see Fig. 7a) and no contact 
forces could be completely transmitted. Consequently, a significant 
transient deformation occurred on the macro scale. In the 
post-liquefaction stage with Ncyc/NL>1, sand particles should reorga
nize their spatial distribution and come into better contact to sustain the 
subsequent loading till the next liquefaction. For this reason, the time 
history of CN displayed a cyclic tendency when changing the loading 
direction from compression to extension (or vice versa). Besides, each 
value of CN close to 1 corresponded to the peak value of about ru = 1.0 
with the appearance of “double-peak” pattern in Fig. 3. Provided that 
the mechanical coordination number CN,M excludes the impact of 

floating or inactive particles related to the liquefaction state, it cannot 
serve as a pertinent index to directly reveal liquefaction triggering. By 
contrast, this index can still represent the remaining force chain even 
after virgin liquefaction. 

3.2. Fabric tensor 

To assess the orientation of inter-particle contacts, the second-order 
contact normal fabric tensor Fc [22] was used. It is given by: 

Fc =
1

Nc

∑Nc

k=1
vk

c ⊗ vk
c (2)  

where Nc is the number of contacts and vk
c is the unit direction vector 

pertaining to the kth contact, respectively. Because of symmetry (FT
c =

Fc), the fabric tensor can be orthogonally diagonalized with three ei

Fig. 2. Loading facets, numerical specimen and contact force system prior to undrained shearing.  

Fig. 3. Excess pore water pressure curves and stress-strain curves: (a)-(d) CSR = 0.22; (b)-(e) CSR = 0.262 and (c)-(f) CSR = 0.305.  
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genvalues (F1, F2 and F3 ∈ [0,1]). The clear benefit of using unit direc
tion vector vk

c is to force the first invariant (or the trace) of fabric tensor 
I1(Fc) equal to 1. This can be demonstrated as follows: 

I1(Fc) =
1

Nc

∑Nc

k=1
I1
(
vk

c ⊗ vk
c

)
(3)  

=
1

Nc

∑Nc

k=1

(
vk

c,xvk
c,x + vk

c,yvk
c,y + vk

c,zv
k
c,z

)
(4)  

where vk
c,x, vk

c,y and vk
c,z is the projection of vk

c on the x, y and z axis, 
respectively. Given the norm of vk

c being 1, both the above equation and 
the sum of three eigenvalues (F1 + F2 + F3) are automatically equal to 1. 
According to the tensor analysis, the relationship between the second 
invariant of the fabric tensor I2(Fc) and its deviatoric part J2(Fc) can be 
expressed as follows: 
⎧
⎪⎨

⎪⎩

J2(Fc) =
1
3
(
I2

1 (Fc) − 3I2(Fc)
)
=

1
3
− I2(Fc)

I2(Fc) = F1F2 + F1F3 + F2F3

(5) 

Analogy to π plan pertaining to the principal stress space, now we 
can image a principal fabric space with the aforementioned condition of 
F1 + F2 + F3 = 1, as shown in Fig. 8. To search for the maximum value of 

Fig. 4. Effective stress paths: (a) CSR = 0.22; (b) CSR = 0.262 and (c) CSR = 0.305 (experimental data from Refs. [29,30]).  

Fig. 5. Cyclic shear resistance curves of HN31 sand and DEM specimens 
(experimental data from Refs. [29,30]). 

Fig. 6. Evolutions of inertia number I: (a) CSR = 0.22; (b) CSR = 0.262 and (c) CSR = 0.305.  
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I2(Fc), the method of Lagrange multiplier was used with an equality 
constraint function g(F1,F2,F3): 
{

∇I2(F1,F2,F3) = λ⋅∇g(F1,F2,F3)

g(F1,F2,F3) = F1 + F2 + F3 − 1 = 0
(6)  

where ∇ represents the Nabla differential operator and λ is the Lagrange 
multiplier, respectively. Following partial differentiation for each di
rection, the following can be obtained with three eigenvalues after 
diagonalization (F1, F2 and F3): 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

F1 − axis : F2 + F3 = λ

F2 − axis : F1 + F3 = λ

F3 − axis : F1 + F2 = λ

F1 + F2 + F3− 1 = 0

(7) 

Finally, I2(Fc) reaches its maximum value of 13 at the geometric centre 
with F1 = F2 = F3 = 1

2 λ = 1
3. Under this circumstance, the fabric tensor 

can be simplified to 13⋅δij, where δij is the Kronecker delta. According to 
Eq. (5), J2(Fc) is automatically zeroed out, standing for a theoretical 
isotropic state. For a clear exposition, several contour lines of I2(Fc) are 
directly given in Fig. 8. It can be seen that I2(Fc) sharply decreases as the 
fabric state moves away from the geometric centre (i.e., F1 = F2 =

F3 = 1
3). Hence, the second invariant of the deviatoric fabric tensor 

J2(Fc) can be thought of as an index measuring a scalar “distance” from 
the isotropic fabric state and its value reflects the degree of anisotropy. 
The maximum anisotropic state of J2(Fc) =

1
3 can be achieved at three 

boundary points, corresponding to an uniaxial force chain system, as 
displayed in Fig. 8. 

Fig. 9 displays the evolutions of square root of J2(Fc) for the DEM 
simulations. All three curves were associated with the same initial value 
slightly different from 0 since a weak initial anisotropy indeed existed. 
Despite the fact that all DEM specimens were subjected to the isotropic 
consolidation state prior to applying the cyclic loading, the spatial dis
tribution of sand particles could not be perfectly uniform throughout all 
DEM specimens. From a general view, J2(Fc) exhibited an accumulative 
growth trend as the cyclic axial stress was applied. In each compression 
(marked in orange) or extension half-cycle (marked in blue), the first 
loading stage produced a growth of anisotropy with the increase in 
J2(Fc) and a portion of it would be later dissipated in the following 
unloading stage. Another striking phenomenon revealed by Fig. 9 is that 
the accumulation of anisotropy was much more remarkable on the 
extension side than that on the compression side. A reasonable expla
nation for this is the dependency of stress-induced anisotropy on the 
loading direction. As for extension loading, the deviator stress q existed 
in the form of reducing the mean effective stress p’, and so a weak shear 
strength could be expected [34], allowing an abundant development of 
particle arrangement. While attaining virgin liquefaction with Ncyc/NL 
= 1, the accumulated anisotropy was suddenly released, as outlined in 
Fig. 9. From a macroscopic viewpoint, the soil underwent a sudden loss 
of shear strength and behave almost as a liquid. This mechanism resulted 
in a temporary isotropic property, as the contact anisotropy accumu
lated during cyclic loading was erased due to liquefaction triggering. 
Similar to what has been previously observed for CN, J2(Fc) displayed a 
cyclic trend since the global force chain should be regenerated in the 
post-liquefaction stage (Ncyc/NL>1) to sustain the subsequent loading. 

To examine in detail the evolution of anisotropy with the build-up of 
sand liquefaction, the responses (CSR = 0.262) pertaining to the half- 
cycle before and after virgin liquefaction (Ncyc/NL = 1) are high
lighted in Fig. 10, including both macroscopic (q, p’, Δu, εa) and 
microscopic (

̅̅̅̅̅
J2

√
, CN) quantities. In the graph, several gauge points 

(point 1 to point 6) are provided to help track changes. Owing to the 
continuous contractiveness induced by the foregoing loading, Δu at 
point 1 had already reached a high level of about ru = 0.8. This high pore 
pressure tended to push sand particles away from one another, which 
can be justified by a low value of CN. Besides, the anisotropy accumu
lated at point 1 was not notable since the specimen underwent an 
isotropic loading with q ≈ 0. While approaching point 2, the reduction of 
p’ required by the extension loading allowed a sufficient dilatant stage 
with a negative rate of Δu, during which 

̅̅̅̅̅
J2

√
and CN began to increase. 

This is contrary to the previous contractive stage. After this abundant 
dilatancy, sand particles had a more uniform inter-void system [40] to 
amplify the following contractiveness [41], leading to a sharp increase 
of Δu. As a result, the specimen was liquefied at point 3 with a very close 

Fig. 7. Evolutions of coordination number and mechanical coordination number: (a) CSR = 0.22; (b) CSR = 0.262 and (c) CSR = 0.305.  

Fig. 8. Principal fabric space and contour lines of second invariant of devia
toric fabric tensor. 
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value of Δu to σ’
c (200 kPa). Accordingly, both CN and 

̅̅̅̅̅
J2

√
significantly 

decreased, referring to an isotropic and “liquid” state. In such a state, the 
specimen was unable to effectively yield a remarkable change of stress 
and pore pressure. Because of this, a quasi-zero stress state (q ≈ 0) was 
thereafter maintained and only a slight growth of Δu was observed from 
point 3 to point 4. However, a sizable amount of εa was produced 
because of the temporary “liquid” property, as can be seen in the cor
responding stress-strain curve. Subjected to this short-lived lique
faction-induced collapse, 

̅̅̅̅̅
J2

√
suddenly increased in a violent manner 

with a few excesses. This can possibly be ascribed to the instability of the 
servo system, especially for this quasi-zero stress state. From point 4 to 
point 5, the rate of specimen deformation tended to be stabilized. At this 
sufficient time interval, the particle arrangement could be completely 
realized and the excess of 

̅̅̅̅̅
J2

√
was consumed. In response to the 

compression loading from point 4 to point 5, the specimen kept dilating 
to regain its undrained shear resistance and Δu declined to the valley of 
the “double-peak” curve. As for the final compression unloading from 
point 5 to point 6, the contractiveness was enhanced again due to the 
abundant accumulation of dilatancy and fabric anisotropy. This led to 
the subsequent liquefaction at point 6; similarly, the global force chain 
was rebroken, manifesting an isotropic “liquid” state. 

In Fig. 10, the anisotropy degrees characterizing points 2 and 5 in the 

Butterfly orbit along with the critical state line [42] are very close to 
each other and not zero. This can be taken as reasonable if one is still 
reminded of the fact that the critical state itself is necessarily anisotropic 
[23], as mentioned in the first section. After liquefaction is reached at 
points 3 and 6, the contact anisotropy suddenly vanishes. From this 
perspective, the philosophy behind the triggering of liquefaction is in 
fact a cyclic process of accumulating and releasing fabric anisotropy. 
Fig. 11a displays the fabric paths of the three DEM simulations in the 
principal fabric space. In spite of different cyclic shear ratios, a unique 
orbit can be roughly achieved. As the deviator stress q is applied, the 
fabric path starts to move from the isotropic point (i.e., the geometric 
centre), following the direction of external loading (compression to 
extension and vice versa). With the progression of loading, the extent of 
the fabric path becomes much greater, indicating a gradual accumula
tion of fabric anisotropy, as conceptually shown in Fig. 11b. For a given 
soil fabric, there is a unique threshold value of 

̅̅̅̅̅
J2

√
triggering sand 

liquefaction. As long as this value is reached, the specimen is liquefied. 
Afterwards, the fabric path immediately returns to the geometric centre 
(the blue-arrowed line in Fig. 11b), standing for an isotropic and 
liquid-like behaviour. With the variation in loading intensity (e.g., CSR 
in cyclic triaxial tests), the number of cycles Ncyc required for this limit 
might be different; however, this threshold is an intrinsic property and 
only fabric-dependent. In a recent DEM study [43] that included triaxial 

Fig. 9. Evolutions of square root of J2(Fc): (a) CSR = 0.22; (b) CSR = 0.262 and (c) CSR = 0.305.  

Fig. 10. Relationship between macroscopic (q, p’, Δu, εa) and microscopic (
̅̅̅̅̅
J2

√
, CN) quantities near the virgin liquefaction.  
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drained/undrained and constant shear drained tests, it was established 
that the onset of flow liquefaction under monotonic loading was closely 
associated with a unique contact fabric. This study further confirms that 
the same phenomenon also prevails for cyclic mobility even under cyclic 
loading. It should be mentioned that the above conclusion was obtained 
under conventional triaxial conditions. Regarding true triaxial loading 
and cross-anisotropic specimens, whose bedding planes deviate from the 
horizontal plane, the anisotropy in contact fabric associated with 
liquefaction triggering may be substantially influenced by both the Lode 
angle and the deposit angle during preparation stage [44]. 

3.3. Strain dependency of fabric characteristics 

Under cyclic loading, the deformation characteristics of sand are 
decisively nonlinear. This is mainly reflected in the effect of cyclic 
degradation [24] during which the shear modulus and damping ratio 
vary significantly with shear strain (εd) [45,46]. Based on this, the shear 
strain has become widely adopted to describe the evolution of sand 
liquefaction. To connect the macroscopic liquefaction response with the 
microscopic mechanism, εd can serve as a bridge to study the evolution 
of fabric characteristics (

̅̅̅̅̅
J2

√
and CN), which might be very helpful in 

proposing an advanced constitutive law for liquefaction modelling. 
The relationship between εd and 

̅̅̅̅̅
J2

√
is given in Fig. 12a. For a given 

initial state in this study (ID = 0.70 and σ’
c = 200 kPa), εd is an effective 

descriptor to address the change of 
̅̅̅̅̅
J2

√
since a unified trendline can be 

roughly established. This is furthermore regardless of the variation in 
the loading intensity (CSR from 0.22 to 0.305). In the graph, the x-co
ordinates represent the shear strain at the maximum deviator stress 
(qmax) of each cycle on the compression side. For a clear exposition, the 
shear strain triggering the virgin liquefaction is tagged to differentiate 
the “pre-” and “post-liquefaction” regime. In general, the curve exhibits 
an exponential pattern: (i) before virgin liquefaction, the degree of 
anisotropy sharply increases with the increase in εd; (ii) after virgin 
liquefaction, the degree of anisotropy remains almost unchanged, cor
responding to the threshold value shown in Fig. 11a. The relationship 
between εd and CN is given in Fig. 12b. Similarly, a unified relationship 
can be roughly achieved for a given initial state. Before virgin lique
faction, a remarkable decrease in CN is observed with the development 
of εd due to the continuous contractiveness. After virgin liquefaction, 
sand particles come into better contact, especially at the maximum 
deviator stress on the compression side. This leads to an increase in CN 
and the regeneration of the global force chain which resists the external 
loading. 

4. Conclusions 

In this study, the evolution of fabric characteristics with the devel
opment of sand liquefaction was investigated by performing a set of 
DEM tests. The rolling resistance linear model was used with calibrated 
model parameters to fairly represent the liquefaction behaviour of HN31 

Fig. 11. (a) Fabric paths of the DEM simulations and (b) schematic of fabric path evolution to liquefaction in the principal fabric space.  

Fig. 12. Relationship between shear strain and (a) second invariant of deviatoric part of fabric tensor and (b) coordination number.  
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sand. The obtained DEM results can be used to derive the following 
conclusions: 

1. To embody liquefaction build-up, the coordination number CN out
performs the mechanical coordination number CN,M since it is 
capable of considering the floating particles with a number of con
tacts less than or equal to 1, more conforming to the liquefaction 
state. A value of CN close to 1 can be used to capture liquefaction 
triggering.  

2. For a granular assembly, a complete insight into the orientation of 
inter-particle contacts can be gained with the second-order contact 
normal fabric tensor Fc. The three eigenvectors after the diagonal
ization can span a principal fabric space in which the geometric 
centre stands for an isotropic state. The second invariant of the 
deviatoric fabric tensor represents a scalar “distance” from the 
isotropic state; thus, it can be used as an index to quantify the 
anisotropy degree.  

3. Under cyclic loading in triaxial tests, the accumulation of anisotropy 
occurs in a gradual manner and finally leads to sand liquefaction 
with the attainment of an intrinsic threshold value. This value is 
fabric-dependent and furthermore independent of loading intensity. 
Regarding the principal fabric space, the relevant fabric path moves 
periodically around the geometric point to increase the anisotropy 
degree, following the direction of external loading.  

4. Regarding a specific initial state, the shear strain εd describing the 
cyclic degradation can function as an intermediary value to establish 
a unified relation with both the coordination number and anisotropy 
degree. 
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[29] Benahmed N. Comportement mécanique d’un sable sous cisaillement monotone et 
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